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This article is devoted to criteria of Lipschitz equisingularity for families of real analytic
map germs from (Rn,0) to (Rp,0) with n p like gλ(x) = g(x)+λh(x), where λ is a small
real number. The main result of this article, Theorem 4.2 states a condition on the order of
the terms of h(x), in such a way that the family gλ is bi-Lipschitz A-trivial. Theorem 4.2
gives the conditions in terms of Newton polyhedron associated to the germ g. The tools
used here are based in the construction of convenient controlled vector ﬁelds.
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1. Introduction
A basic problem in Singularity Theory is the local classiﬁcation of mappings module diffeomorphisms. However, this
classiﬁcation is very rigidity. It seems natural to investigate the classiﬁcation of mappings given by equivalence relations
such that the changes of coordinates are weaker than diffeomorphisms.
Here we are interested in the bi-Lipschitz equivalence of maps. Equivalence relations deﬁned in terms of bi-Lipschitz
maps form an important subject in the study of equisingularity of mappings and sets from the metric point of view.
If we consider G one of the classical Mather’s group, i.e., G = R,C,L,A or K, there exist several works showing criteria
for the C–G-triviality of families of real analytic map germs, l  0. In fact, concerning the groups R, C or K, J. Damon in
the papers [3] and [4] investigated the G-triviality where G is one of the following groups: G = C0–R, C0–C and C0–K.
The results of the papers [11–13] establish some criteria for the C–G-triviality for all   0. With respect to the group
G = A, in the works of Damon [3] and [4], the C0–A-triviality of map germs also is treated. Estimates for the degree of
C–A-determinacy of map germs, with  0, are given by M. Ruas in her PhD thesis [10]. Following the techniques used
by Ruas, the paper [14] presented suﬃcient conditions for the C0–A-triviality of map germs in the language of Newton
polyhedron.
However, with respect to bi-Lipschitz G-triviality of families of map germs, few cases are known. In fact, the bi-Lipschitz
R-triviality of families of germs was studied by Fernandes and Ruas [5] for the weighted homogeneous case and by Fer-
nandes and Soares [6] for the Newton non-degenerate case. Recently, the bi-Lipschitz G-triviality, for G = C and K was
investigated in the paper [2] for both cases: the class of weighted homogeneous map germs and also for the class of
non-degenerate map germs with respect to some Newton polyhedra.
The main object of this paper is to treat the bi-Lipschitz equivalence with respect to the group A.
We study families of real analytic map germs from (Rn,0) to (Rp,0) with n  p like gλ(x) = g(x) + λh(x), where λ is
a small real number.
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bi-Lipschitz A-trivial if d(hi) Di + (Σ − σ), Di and d(hi) are the ﬁltrations, with respect to a Newton ﬁltration associated
to the germ g , of the coordinate functions gi and hi of g and h respectively, Σ and σ are the maximal and minimal weights
of this Newton ﬁltration.
We remark that our result does not give a necessary condition, but we do not know any family that does not satisfy this
condition and is bi-Lipschitz A-trivial. In Example 6.2 we show that our estimate cannot be improved. In Example 6.3 we
also show that our estimates are sharp.
The main tool used in the proof of Theorem 4.2 is an application of a Thom-Levine type theorem with the construction
of controlled vector ﬁelds. This method is a powerful tool to solve problems related to triviality of families of map germs. It
is based on the choice of an appropriate ﬁltration in the space of germs, which depends of the initial germ g .
Moreover, our strategy follows a similar technique contained in [10] and [14]. If n  p, Ruas showed in [10] how to
construct appropriate control functions in the target and in the source to obtain a unique control function. She also obtained
criteria for the topological A-triviality for homogeneous map germs. In [14] the authors used this method to show criteria
for the topological A-triviality for map germs satisfying a Newton non-degeneracy condition, including also the weighted
homogenous case. Here we apply this type of method to show a criterion for the bi-Lipschitz A-equisingularity.
This paper generalizes the main results obtained about bi-Lipschitz R-equisingularity given in the papers [5] and [6].
2. Bi-LipschitzA-triviality
Denote by E the set of analytic function germs f : (R,0) → R. Let G : (Rn × R, (0,0)) → (Rp × R, (0,0)), G(x, λ) =
(g(x, λ), λ) be a one parameter unfolding of a ﬁnitely determined map germ g : (Rn,0) → (Rp,0) and call a family of map
germs gλ(x) = g(x, λ) a deformation of the germ g .
An unfolding G(x, λ) of g is bi-Lipschitz A-trivial at λ = 0 if, for small values of λ, there exist germs of bi-Lipschitz
homeomorphisms H : (Rn × R, (0,0)) → (Rn × R, (0,0)), of type H(x, λ) = (h(x, λ), λ), with h(0, λ) = 0 and K : (Rp × R,
(0,0)) → (Rp ×R, (0,0)) of type K (x, λ) = (k(x, λ), λ) with k(0, λ) = 0 such that
K ◦ G ◦ H−1 = (g0(x), λ).
In this case we say that the deformation gλ(x) is bi-Lipschitz A-trivial at λ = 0, since for small values of λ, the families
of bi-Lipschitz homeomorphisms hλ : (Rn,0) → (Rn,0), with hλ(x) = h(x, λ) and kλ : (Rp,0) → (Rp,0) with kλ(x) = k(x, λ)
give
kλ ◦ gλ ◦ h−1λ = g0.
3. Newton ﬁltration and control functions
In order to construct controlled vector ﬁelds, such that they realize the bi-Lipschitz A-triviality, we deﬁne a control
function in terms of a Newton polyhedron. An analytic function ρ : Rn → R is called a control function if there exist
positive constants C and α, such that ρ(x) C |x|α .
We construct a control function in the target, denoted by ρt and a function in the source, denoted by ρs . Since we are
interested in the case n p, we will construct a corresponding control function ρ via a partition of unity.
We follow the notations of [1] and we say that a subset Γ+ ⊆ Rn+ is a Newton polyhedron if there exist some k1, . . . ,kr ∈
Qn+ such that Γ+ is the convex hull in Rn+ of the set {ki + v | v ∈ Rn+, i = 1, . . . , r} and Γ+ intersects all the coordinate
axis.
Denote by Γ the union of the compact faces of Γ+ and consider the Newton ﬁltration of En = A0 ⊇ A1 ⊇ A2 ⊇ · · · , by
the ideals Aq = {g ∈ En | supp g ⊆ φ−1Γ (q + N)}, for all q ∈ N, here φΓ is the Newton function of Γ (see [9]). We ﬁx a
Newton polyhedron Γ+ in Rn+ with the corresponding Newton ﬁltration, then for any germ of function g =
∑
k akx
k , denote
d(g) = max{q | g ∈ Aq} and by in(g), the polynomial in(g) =∑akxk such that φΓ (k) = d(g).
Remarks. To clarify some notations that will appear in this text we notice that:
1. For each f (x) =∑akxk the support of f is deﬁned by supp( f ) = {k ∈ Zn | ak = 0}. The Newton polyhedron of germ f ,
denoted by Γ+( f ), is the convex hull in Rn+ of the set supp( f ).
2. Let I be an ideal in E . We deﬁne supp(I) =⋃ f ∈I supp( f ). The Newton polyhedron of ideal I , denoted by Γ+(I), is the
convex hull in Rn+ of the set supp(I).
Deﬁnition 3.1. Let Γ+ be a Newton polyhedron. For each vector w = (w1, . . . ,wn) ∈ Rn+ and for each k = (k1, . . . ,kn) in the
dual space of Rn+ we deﬁne:
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(b) 
(k) = {w ∈ Γ+: 〈w,k〉 = (k)}.
(c) Two vectors k,k′ ∈ (Rn+) are equivalent if 
(k) = 
(k′).
The vector k is called a primitive integer vector if k is the vector with minimum length in C(k)∩ (Zn+ −{0}), where C(k)
is the half ray emanating from 0 and passing through k.
Fix a Newton ﬁltration associated to a Newton polyhedron Γ+ . Let vk = (vk1, . . . , vkn) be the associated primitive vectors
of the each (n − 1)-dimensional compact face 
k of Γ . In other words, 
k = 
(vk). We deﬁne the numbers
M = l.c.m.{(vk)}, Σ = max
k
max
i
{
M
(vk)
vki
}
and
σ = min
k
min
i
{
M
(vk)
vki
}
.
Our next step is to deﬁne a Newton ﬁltration in Ep . First we consider a ﬁxed map germ g : (Rn,0) → (Rp,0), g =
(g1, . . . , gp), Di = d(gi) and we suppose that D1  D2  · · · Dp . Let d(g) = (D1, D2, . . . , Dp).
Denote by MI the determinant of the p × p minor of the matrix of the partial derivatives of g indexed by I =
{i1, . . . , ip} ⊂ {1, . . . ,n}, with i1 < · · · < ip . We ﬁx an order for these determinants calling M1,M2, . . . ,Mr in such a way
that d(M j) d(M j+1). We call L j = d(M j).
Let D = l.c.m.{D1, D2, . . . , Dp, L1, . . . , Lr}. Deﬁne the weighted homogeneous control function in the target, ρt : Rp → R
by
ρt(y) = |y1|2r1 + |y2|2r2 + · · · + |yp|2rp ,
where y = (y1, . . . , yp), ri = DDi for all i = 1, . . . , p.
The Newton ﬁltration of Ep = B0 ⊇ B1 ⊇ B2 ⊇ · · · is associate to the control function ρt(y). Therefore any ideal Bk has
a Newton polyhedron which only one compact face. Let w = (w1, . . . ,wp), with wi = Rri and R = l.c.m.{r1, . . . , rp}, for all
i = 1, . . . , p the normal vector of such face. Since we ﬁxed D1  D2  · · · Dp, we have w1  w2  · · · wp .
Denote by dw(yβ) = w1β1 +· · ·+wpβp for any monomial yβ = yβ11 yβ22 . . . y
βp
p in Ep , and for any g ∈ Ep , denote dw(g) =
mindw(yβ) for all yβ with nonzero coeﬃcient in the Taylor series of g .
Then dw(ρt) = 2R and we obtain Bk = {g ∈ Ep | dw(g) k}.
As ρt(g(x)) = |g1|2r1 + |g2|2r2 + · · · + |gp|2rp , it follows that
d(ρt ◦ g) = d
(|g1|2r1 + |g2|2r2 + · · · + |gp|2rp )= 2D.
Now deﬁne the control function in the source ρv : Rn → R as
ρv(x1, . . . , xn) =
r∑
j=1
x
2v j1
1 . . . x
2v jn
n ,
with v j = (v j1, . . . , v jn), j = 1, . . . , r being the vertices of the Newton polyhedron Γ+(AD), therefore d(ρv) = 2D .
We deﬁne the function ρs(g) : Rn → R, ρs(g)(x) = ∑ |M j|2α j , where α j = DL j for all j = 1, . . . , r and the M j are as
previously deﬁned. Remind here two things, that ρs(g) is not a control function, however, under some conditions, it is
important for the construction of the controlled vector ﬁelds, moreover all these constructions are done in order to obtain
the equality among the degree d(ρs(g)) and the degrees d(ρt ◦ g) = d(ρv) which is equal to 2D for all these functions.
Example. Let g(x, y) = (g1(x, y), g2(x, y)) = (xy, x4 + y5 + xy2) and ﬁx the Newton polyhedron Γ+(g2). Call 
1 the face
with vertices {(0,5), (1,2)} and 
2 the face with vertices {(4,0), (1,2)}, C(
i) denotes the cone with vertex at 0 passing
through 
i (see Fig. 1).
The Newton ﬁltration associated to Newton polyhedron Γ+(g2) is given by
φ
(
xa yb
)= {24a + 8b, if (a,b) ∈ C(
1),
10a + 15b, if (a,b) ∈ C(
2).
Then d(g1) = 25 and d(g2) = 40, therefore D = 200 = l.c.m.{25,40} and the control function in the target is ρt(y) =
|y1|16 + |y2|10, and dw(ρt(y)) = 80 = 2R .
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Now let M(x, y) = 5y5 − 4x4 + xy2, be the determinant of the Jacobian matrix of g , then d(M) = 40 and ρs(g) =
(5y5 − 4x4 + xy2)10, with d(ρs(g)) = 2D = 400.
Since d(g161 ) = d(g102 ) = d(ρs(g)) = 2D = 400, the control function in the source ρv associate to Γ+(g102 ) is ρv(x, y) =
x40 + y32 + x20 y40 and d(ρv ) = 2D = 400.
4. Bi-LipschitzA-triviality and Newton ﬁltration
In this section we show the main result of this article.
Deﬁnition 4.1. We say that a ﬁnitely determined map germ g : (Rn,0) → (Rp,0) is non-degenerate with respect to ρs and
ρt if it satisﬁes
A2D+D1+(Σ−σ )θg ⊆ tg(A2D+Σθn)+ wg(B2R+wpθp) (1)
and there exist a neighborhood V of 0 in Rn and positive constants α and β such that ρs(g(x)) βρv (x), for all x ∈ V ∩
{x | ρt(g(x)) < αρv(x)}.
Theorem 4.2. Suppose that g is non-degenerate with respect to ρs and ρt . Then deformations gλ(x) = g(x) + λh(x) of g, with
d(hi) Di + (Σ − σ), ∀i = 1, . . . , p, are bi-Lipschitz A-trivial for small values of λ.
The proof of Theorem 4.2 follows from the application of two technical lemmas. In the ﬁrst lemma, we show that it is
possible to extend the ﬁltration condition of Eq. (1) to the tangent space of an unfolding of the germ g .
Denote by mn the maximal ideal in En and by A˜2D+D1+(Σ−σ) the ideal in En+1 generated by the monomial λ and by the
ideal A2D+D1+(Σ−σ) .
Lemma 4.3. Let G(x, λ) = (gλ(x), λ), with gλ(x) = (g1λ(x), . . . , gnλ(x)) be an unfolding of g0(x) = g(x), such that giλ − gi0 ∈
m1ADi+(Σ−σ)θG for all i = 1, . . . ,n and |λ| < ε for small values of ε. If Eq. (1) holds, then
A˜2D+D1+(Σ−σ )θG ⊆ tG( A˜2D+Σθn+1)+ wG(B˜2R+wpθp+1).
The proof of Lemma 4.3 is analogous to the proof of Lemma 3.2 of [14].
Lemma 4.4. Let gλ(x) = g(x)+ λh(x) be a deformation of g, with d(hi) d(gi), for all i = 1, . . . , p. Suppose that in a neighborhood
V of 0 in Rn, there exist positive constants α and β such that ρs(g(x)) βρv(x), for all x ∈ V ∩ {x | ρt(g(x)) < αρv(x)}. Then there
exists a constant β1 > 0 such that for all x ∈ V , we have
ρs
(
gλ(x)
)
 β1ρv(x), for all x ∈ V ∩
{
x
∣∣ ρt(gλ(x))<αρv(x)}.
Proof. Since gλ(x) = g(x) + λh(x) and d(hi)  d(gi) for all i = 1, . . . , p then there exists some θ(x, λ) satisfying d(θ) 
d(ρs(g)) with
ρs(gλ)(x) ρs(g)(x)− λθ(x, λ).
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that λ|θ(x, λ)| cρv(x) for each x ∈ V ∩ {x | ρt(gλ(x)) < ρt(g(x)) < αρv(x)}. Since ρt(gλ(x)) < ρt(g(x)) we obtain
ρs
(
gλ(x)
)
 ρs
(
g(x)
)− λ∣∣θ(x, λ)∣∣
 (β − c)ρv(x)
= β1ρv(x). 
Proof of Theorem 4.2. Let G(x, λ) = (gλ(x), λ) be an unfolding of g , with gλ(x) = g(x) + λh(x) and h = (h1, . . . ,hp) with
each hi ∈ ADi+(Σ−σ).
Since ADi+(Σ−σ) ⊂ AD1+(Σ−σ) for all i = 1, . . . ,n we obtain
h.ρt(g) ∈ tg(A2D+Σθn)+ wg(B2R+wpθp).
From Lemma 4.3 we conclude that there exist analytic vector ﬁelds ξ ∈ A˜2D+Σθn+1 and η ∈ B˜2R+wp θp+1 such that the
above inclusion holds for the deformations, i.e.,
h.ρt(gλ) = tG(ξ)+ η ◦ G. (2)
From Eq. (2) we construct the vector ﬁeld controlled by ρt . In fact, deﬁne ω in (Rp ×R, (0,0)) as
ω(y, λ) =
{
η(y,λ)
ρt (y)
, if y = 0,
0, if y = 0.
Since d(η) 2R + wp > d(ρt) = 2R we apply Proposition 3.3 of [6] to conclude that the vector ﬁeld ω is Lipschitz.
In order to deﬁne the vector ﬁeld controlled by the function ρs, for each I = {i1, i2, . . . , ip} ⊂ {1,2, . . . ,n} we write
∂ gλ
∂λ
MIλ = tG(γI ), with γI =
∑
γi
∂
∂xi
where γi is deﬁned as⎧⎪⎨
⎪⎩
γi = 0, if i /∈ I,
γim =
∑
N jim
(
∂ gλ
∂λ
)
j
, if im ∈ I. (3)
where N jim is the (p − 1) × (p − 1) cofactor of ∂ g j∂xim .
Since ρs(gλ) =∑ |MIλ |2αI , we have
h.ρs(gλ) = tG
(∑
γI M
αI−1
Iλ
MIλ
αI
)
,
therefore h = tG(ψ), with ψ =
∑
γI M
αI−1
Iλ
MIλ
αI
ρs(gλ)
.
Let γR =∑γI MαI−1Iλ MIλαI , then d(γR) = d(ρs(gλ))+ σ + (Σ − σ).
The Lipschitz property of the vector ﬁeld ψ = γRρs(gλ) also follows from Proposition 3.3 of [6].
In order to proof Theorem 4.2, we consider the following partition of unity:
Let H = (V × I)− (0× I), with I = (−, ). Let us deﬁne the sets F1, F2, E1, E2 as follows.
F1 =
({
(x, λ)
∣∣ gλ(x) = 0}− (0×R))∩ H,
F2 =
{
(x, λ)
∣∣ ρt(gλ(x)) αρv(x)}∩ H,
E1 =
{
(x, λ)
∣∣ ρt(gλ(x))<α1ρv(x)}∩ H
and
E2 =
{
(x, λ)
∣∣ ρt(gλ(x))<α2ρv(x)}∩ H, with α1 <α < α2.
We remark that F1 and F2 are closed and disjoint in H .
Deﬁne ζ(x) = ζ1(x) + ζ2(x), a partition of unity related to {E2, (E1)c}, where
ζ1(x, λ) =
{
1, if (x, λ) ∈ F1,
0, if (x, λ) ∈ (E2)c
and
ζ2(x, λ) =
{
1, if (x, λ) ∈ F2,
0, if (x, λ) ∈ E1.
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ν2(x, λ) =
{
ξ(x,λ)
ρt (gλ(x))
, if (x, λ) ∈ F1c,
0, if (x, λ) ∈ F1,
where ξ(x, λ) is given in Eq. (2), and deﬁne
ν1(x, λ) =
{
γR
ρs(gλ(x))
, if (x, λ) ∈ F2c,
0, if (x, λ) ∈ F2.
All functions deﬁned above can be extended in such a way that they are equal to zero at 0× λ.
Then, let ν be the vector ﬁeld in (Rn ×R, (0,0)) deﬁned as
ν(x, λ) =
{
ζ1(x, λ)ν1(x, λ) + ζ2(x, λ)ν2(x, λ), if x = 0,
0, if x = 0.
Then by our construction the vector ﬁeld ν is Lipschitz and
h = tG(ν(x, λ))+ w(G(x, λ)).
From the integral curve of ν and ω we construct the germs of bi-Lipschitz homeomorphisms
H : (Rn ×R, (0,0))→ (Rn ×R), (0,0), H(x, λ) = (h(x, λ), λ), h(x,0) = x,
and
K : (Rp ×R, (0,0))→ (Rp ×R, (0,0)), K (y, λ) = (k(y, λ), λ), k(y,0) = y,
such that we obtain K ◦ G ◦ H−1 = (g, idR). 
5. The weighted homogeneous case
Damon in [3] investigates the topological triviality of unfoldings of ﬁnitely determined map germs which are weighted
homogenous. The Theorem 1 in [3] shows that all polynomial unfoldings of these map germs with non-negative weights
are topologically A-trivial.
Using the results shown in Section 4 we obtain similar results for the bi-Lipschitz A-triviality of one parameter linear
unfoldings of any weighted homogenous ﬁnitely determined map germ. We notice that in the weighted homogeneous case,
the results of Damon are useful for any pair of dimensions (n, p) while the results shown here are only for n p.
Remind that a map germ f : (Rn,0) → (Rp,0) is weighted homogeneous of type (s1, . . . , sn;d1, . . . ,dp), with si,d j ∈ Q+ ,
if for all λ ∈ R− {0}
f
(
λs1x1, λ
s2x2, . . . , λ
sn xn
)= (λd1 f1(x), λd2 f2(x), . . . , λdp f p(x)),
x = (x1, . . . , xn).
For a ﬁxed set of weights s = (s1, . . . , sn) consider the Newton ﬁltration of En = A0 ⊇ A1 ⊇ A2 ⊇ · · · , deﬁned by the ideals
Aq =
{
g ∈ En
∣∣ d(g) q}.
Proposition 5.1. Let g be a ﬁnitely A-determined map germ and weighted homogenous of type (s1, . . . , sn;d1, . . . ,dp). Then defor-
mations of g of type gλ = g + λh, with d(hi) di + sn − s1 , for all i = 1, . . . , p, are bi-Lipschitz A-trivial for small values of λ.
Proof. We observe that for weighted homogeneous map germs we can show, using Lemma 7.7 of [3], that there exist a
neighborhood V of 0 in Rn and positive constants α and β such that ρs(g(x))  βρv(x), for all x ∈ V ∩ {x | ρt(g(x)) <
αρv(x)}.
Therefore, as g is ﬁnitely A-determined, weighted homogeneous and h.ρt(gλ(x)) is in A2D+d1+sn−s1 , by Lemma 7.4
of [3] and by Lemma 4.3, we can guarantee that there exist weighted homogeneous vector ﬁelds ψ ∈ A2D+snθn+1 and
η ∈ B2R+wp θp+1 such that
h.ρt
(
gλ(x)
)= tgλ(ψ(x, λ))+ η(gλ(x)).
As the ﬁltration of ρt(gλ) is 2D and the ﬁltration of ψ is 2D + sn , it follows from Lemma 3.2 of [5] that ψρt (gλ) is a
Lipschitz vector ﬁeld. Analogously, we also apply Lemma 3.2 of [5] in order to conclude that ηρt also is a Lipschitz vector
ﬁeld.
By integration of integral curves we obtain the bi-Lipschitz homeomorphisms that we need to establish the required
bi-Lipschitz A-triviality. 
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Example 6.1. ([10, p. 102]) Let g : (R3,0) → (R2,0),
g(x, y, z) = (x2 + y2 + x3 + z3, x2 + y3 + z2).
This example is not weighted homogeneous and we cannot apply Proposition 5.1. We choose here the Newton ﬁltrations
for E3 and E2 as the usual ﬁltrations given by the degree.
To show that this germ satisﬁes the conditions of Theorem 4.2 we notice that tg(m33θ3) + wg(m22θ2) = m43θg . Moreover
we see that
tg
(
m33θ3
)+ wg(m22θ2)= tg(m33θ3)+ g(m2)mk−13 θg =m43θg .
From this we obtain the conditions of Theorem 4.2.
We observe that as we are considering the ﬁltration given by the degree, all weights are equal to 1 and then Σ = σ .
Therefore deformations of g by order higher than 2 are bi-Lipschitz A-trivial.
In this example, as Σ = σ we obtain the same criteria for the topological A-triviality, as shown in Example 6.1 of [14].
In the next example we compare the bi-Lipschitz A-triviality with the C1–A-triviality and show that these estimates
cannot be improved.
Example 6.2. Let gλ(x, y) = (x2 + y2)2 + λxa yb , with a,b ∈ Z. We again consider in this case the usual ﬁltration given by
the degree. Since g(x, y) = (x2 + y2)2 is homogeneous then d(g) = 4. From Proposition 5.1 we see that the family gλ is
bi-Lipschitz A-trivial if
d
(
xa yb
)= a + b d(g0) = 4.
For instance, if we consider the monomial x5, we obtain d(x5) = 5 and then gλ = (x2+ y2)2+λx5 is bi-Lipschitz A-trivial.
However, Kuiper in [8] showed that this family gλ is not C1–A-trivial.
In the next example we also show that our estimates are sharp.
Example 6.3. Let gλ : (R2,0) → (R,0), λ ∈ (0, δ), given by gλ(x, y) = 13 x3 + y3n − λxy3n−2. Follows from [7] that this family
has moduli with respect the bi-Lipschitz R-equivalence. Hence, we can show that this family gλ is not bi-Lipschitz R-trivial.
In fact, based in the same arguments of Henry and Parusinski we can assume that this family is not bi-Lipschitz A-trivial.
However as ﬁl(xy3n−2) = 4n − 2, for n > 2. Follows from [3] or [14] that gλ is topologically A-trivial.
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